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Abstract

A close connection between the theory of competitive markets, game theory, and Arrow's impossibility theorem
s given by limited arbitrage, a condition originally defined on the preferences and endowments of the traders of an
Armow-Debreu economy in Chichilnisky (1991, 19930, 1994, 1995}, This condition limits the traders’ diversity, and
is shown here o bound their mutually beneficial gains from trade, Limited arbitrage is necessary and sufficient for
the existence ol an Arrow Debreu equilibrium (see also Chichilnisky, 1991, 1993b, 1994, 1993), and for the
existence of the core (see also Chichilnisky, 1993d); it is also necessary and sufficient for the climination of
Condoreet cycles on allocations involving large utility values. Condorcet cycles are the basis for the cvelical
behavior of voting rules and a building block of Arrow’s impossibility theorem. so that limited arbitrage appears to
be at the core of social choice theory,

JEL clavsificaton: TS

1. Introduction

The expression limited arbitrage is used to describe economies where only bounded, or
limited, opportunities for gains are availablc to the traders at their initial endowments.
Originally introduced in Chichilnisky (1991, 1993b, 1994, 1993), thc concept is ceniral to the
problem ol resource allocation and is closcly associated to the social diversity of the economy
(Chichilnisky, 1994). Indeed, limited arbitrage was shown to be necessary and sufficient for
the existence of a competitive equilibrium in economies with or without short sales in
Chichilnisky (1991, 1993b,c, 1994, 1995), and in cconomics with infinite dimensional spaces in
Chichilnisky and Heal (1991); it was also shown to be necessary and sufficient for the
existence of the core in Chichilmisky (1993d). Concise proofs are provided here. It turns out
that a simple geometric interpretation can be given to limited arbitrage: here I show that it is
cquivalent to bounding gains from trade. namely bounding the sum of utility increases which
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the traders can achieve from reallocating their initial endowments among themselves in
mutually advantageous ways (Proposition 1). From this gcometry a somewhat unexpected new
link emerges: a close connection with Arrow’s impossibility theorem (Arrow. 1951). 1
establish that markets have limited arbitrage if and only if they have no Condorcet triples
beyond certain utility levels (Proposition 2). This means that on choices of great importance,
irrational or intransitive behavior does not arise. Since Condorcet triples are the building
blocks of Arrow's theorem, limited arbitrage appears Lo be at the core of social choice theory.
The connection between limited arbitrage and the concept of no-arbitrage used in financial
markets is discussed in Section 3.

The geometry of limited arbitrage provides, therefore, a well-defined connection between
three classic forms of allocation which have been considered separate and almost antagonistic
until now: markets, games and social choice. The concept is fundamental for a market's
operation: limited arbitrage 1s both necessary and sufficient for the existence of a competitive
equilibrium and the core in Arrow-Debreu markets with finitely or infinitely many com-
moditics. It is also fundamental for social choice: limited arbitrage has been shown to be
cquivalent to the contractability of spaccs of preferences (Chichilnisky 1993c). a condition
which is necessary and sufficient for the existence of social choice rules which are continuous,
anonymous and respect unanimity (Chichilmsky, 1982, 1993a.b, Chichilnisky and Heal, 1983).
1t is somewhat surprising that while this latter set of axioms of social choice. introduced in
Chichilnisky (1982), is different from Arrow’s, the property of limited arbitrage is neverthe-
less closely connected with both sets of axioms. A formal connection between the two sets of
axioms was established recently by Baryshnikov (1993).

2. Limited arbitrage and gains from trade

To offer a formal perspective one needs a few definitions.! An cconomy £ has H = 2 traders
who trade N = 2 commodities or assets, so that the trading spacc X' is R": when short sales are
not allowed. the trading space is instead R” . This paper focuses on the case of markets with
short sales. but the results are quite general: for markets with as well as without short sales the
reader is referred to the appendix and to Chichilnisky (1991, 1993b, 1994, 1995). A trader 718
described by an initial endowment 2 €R", and by a preference represented by a utility
function «,: RY— R, ,(0)=0, which is concave and satisties mild regularity conditions
detailed in the appendix, which include all standard convex preferences used in the literature.
Everything in this paper is ordinal. namely independent of the utility representation; therctore
without loss of generality we may consider utilities where sup,..cpv i, (x} =2

One wishes to identify those trading opportunitics which could yield unbounded uulity
increases for the ith trader. These are described by net trades in the set A, = {yER"‘:
Vye RY.IA=0:u(f) + Ay) >ux)}, a concept originally introduced 1n Chichilnisky
(1991. 1995). which contains global information about the irader. The trader’s global cone, C,,
is either A, or its closure A7 The trader’s market cone is the set of ull those prices at which all

“See also definitions in the appendix.
*The global cone is A, when the set of gradient dicections to the indifference surfuces of u, is elosed for all i, and
itis A L the closure of A, when the indillerences of i, contain no half lines for all J,
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trading opportunities in {'s global cone are unaffordable, D = {pER YWveC, (p,y) =0}
The existence of competitive equilibrium™, of the core (Chichilnisky, 1993d), and of social
choice rules has been shown to depend on the relation between the traders” market cones
(Chichilnisky, 1991, 1993b, 1995; Chichilnisky and Heal, 1991): this relation also provides a
framework for measuring social diversity (Chichilnisky, 1994).

Definition I. The market cconomy £ has limited arbitrage when all its market cones intersect:
B D=k

This means that there exists one price, the same for all traders, at which the trades they can
afford only increase their utilities by limited, or bounded, amounts. The concept of hmited
arbitrage can also be interpreted in terms of gains from trade, defined as the maximum
increment in the sum of utilities which the traders can achicve by reallocating the economy’™s
resources among themselves:

i
gains from trade = G(£) — sup( > ulx;) — ::J.{IZ,.}) .

where for all i, u,(x,)=u,(£2) and £, (x,  §2)=0.

When X = R" and the set of gradient dircctions to the indifferences of u, is closed for all i:

Proposition 1. An economy E satisfies mited arbitrage if and only if it has bounded gains
from trade, namely G(E) <<=,

When  sup, . _gvu(x)<io, the condition in Proposition 1 is instead: G(E) <
sup__ . o( 57 wx,) — w(f1)). For a proof scc the appendix.

The geometry of hmited arbitrage is simple: it means that the traders” global concs cannot
contain net trades which add vp to zero. With two traders: ~Ei_rl.._.1:f such that x, +x, =1l
x, €A, and x, € A.. In other words: all global cones A, must lic on one side of a given price
hyvperplane.

Fig. 1 illustrates an economy £ with two traders and two assets which has limited arbitrage.
Its global cones are A | and A, and the price line p leaves both cones on one side. Therefore
net trades in directions which lead to unbounded utility gains arc unaffordable by all traders
from their initial cndowments at price p. The gains {rom trade in this cconomy, G(E, ), are
bounded.

The economy of Fig. 2 does not satisfy limited arbitrage: there are two directions of net
trades, w; € A, and w € A,. yielding unbounded increases in utility and which sum up to

' Limited arbitrage is the first necessary and sufficient condition for the existence of a competitive cquilibrium, in
markets with or without short sales und with limte (Chichilmsky 1991, 19953, or infinitely many commodities
[ Chichilnisky and Heal, 1991). Sufficicnt conditions for existence of o competitive equilibrium with shorl sales and
infinitely many commodities were provided in Chichilpisky and Heal (1993). Previous literatore is discussed in the
appendix and in Chichilnisky (1991, 1995).
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Fig. 1. Limited arbitrage is satisfied. The two global cones lie in the half-space defined by P. There are no feasible
trades that ncrease utilities without lmit: these would consist of pairs of points svmmetrically placed about the
common initial endowment, and as shown such pairs of points lead to utility values below those of the endowments
at a bounded distance fram the initial endowments,

zero. Therefore, there is no price p at which all net trades in A, and in A, are unaffordable
from initial endowments. The gains from trade in this economy are unbounded.

The boundedness of mutually beneficial gains from trade, which we now know from
Proposition 1 to be equivalent to limited arbitrage, is fundamental to the existence of a

competitive equilibrium. Formally:

Theorem 1. Limited arbitrage is necessary and sufficient for the existence of a compefitive
equilibrium with or without shore sales.

For a proof see the appendix.’ Intuitively this is reasonable: an economy such as that in Fig.
2, where traders wish to take unboundedly large and opposed trading positions, cannot reach
an equilibrium. Desired trades are just too diverse to be accommodated within the same
cConomy.

* This theorem does not require that preferences be increasing or smooth, The proof applies to non-satiated
preferences: smoothness is only used to simplify notation (see Chichilnisky, 1991, 1993b,c, 1994, 1995).
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Fig. 2. Limited arbitrage does not hold, The global cones are not contained in a hall-spage. and there arc
sequences of feasible allocations such as W, and W}, W, and W., which produce unbounded utilities.

The boundedness of mutually bencficial %ama from trade is also fundamental for the
gxistence of the core. Formally, when X' = R

Theorem 2. Limited arbitrage is necessary and sufficient for the non-emptiness of the core in
Arrow Debreu economies.

For a proof see the appendix and Chichilnisky (1993d). The next section will relate limited
arbitrage to the standard concept of no-arbitrage used in financial markets, and the following
section will establish its relation with social choice theory.

3. Limited arbitrage and no-arbitrage

In financial markets an arbitrage opportunity cxists when individuals can make unbounded
gains at no cost, or, equivalently, by taking no risks. For example, buying an asset in a market
where its price is low while simultancously selling it at another where its price is high can lead
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to unbounded gains at no risk to the trader. No-arbifrage means that such opportunities do not
exist, and it provides a standard way of pricing a financial asset: precisely so that no-arbitrage
opportunities should arise between this and other related assets. Since trading does not ccase
until all arbitrage opportunities arc extinguished, at a market-clearing equilibrium there is
no-arbitrage.

The simplest illustration of the link betwecn limited arbitrage and no-arbitrage is an
economy E where the traders’ initial endowments are zero, (2, =0 for i=1.2. Here no-
arbitrage at the initial endowments means that there are no trades which could increase the
traders’ utility at zero cost: gains from trade in £ must be zero. By contrast, [ has limited
arbitrage when no trader can increase utility beyond a given bound at zero cost; as scen in
Proposition 1. gains from trade are bounded. In summary: no-arbitrage requires that there
should be no gains from trade at zero cost, while limited arbitrage requires that there should
be only bounded or {imited gains from trade.

The two concepls are related but nonetheless quite different. No-arbitrage is a market-
clearing condition: it is used to describe an allocation at which there is no further reason to
trade. It can be applied at the initial allocations, but then it means that there is no trade: the
cconomy is autarchic and thercfore not very intercsting. By contrast, limited arbitrage is
applicd only to the economy’s initial data, the traders’ endowments and preferences, and it
does not imply that the economy is autarchic. Quite the contrary, it is valuable in predicting
whether the economy can ever reach a competitive equilibrium, and allows us to do this
simply by examining the economy’s initial conditions 7 This is the subject of the next section.

4. Limited arbitrage and Arrow’s theorem

I shall show next that the traders’ preferences in the economy E satisfy limited arbitrage if
and only if they contain no Condorcet triples of large utility values. Condorcet triples are
building blocks of Arrow’s impossibility theorem, and are at the root of the social choice
problem. Thus limited arbitrage eliminates the source of Arrow’s impossibility theorem for
choices of large utility values.

Definition 2. A Condorcet triple is a collection of three preferences over a choice set X,
represented by utilities u, : X—R. i=1,2,3, and three choices «, 8,y within a feasible sct
Y € X such that w,(a) = u,(B)=u,(y), u,(v)=ula)>u,(B), and w,(B8) = us(y) = uy(e).

Within an economy E, the social choice problem is about the choice of allocations: choices
are in X =R 7. An allocation (x,...x,) is feasible if Y, (x, — {2,) =0. Preferences over
allocations are induced naturally by the traders’ preferences over privale consumption:
ey ooxg)yz=uly .0y, Sul)=uly;).

Definition 3. In an economy £ a family of preferences {u, . .. uy} has a Condorcet triple of

*The existence of a market cquilibrium does not require that the economy should have no-arbitrage at the imitial
endowments,
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size k if for every three preferences u), u’;. uy € {uj coo Uyt rhere exists three feasible
allocations o = (a*, af, ol )E X C RV, B* = (B, BS. ,B” ) and ¥* =(y},¥5.v5) which
define a Condorcet triple. and such that cach trader achieves at I::emt a utility level k at each
choice: min,_, , o {[u; (@} ), w;(B]), uly)]} = k.

The following shows that limited arbitrage eliminates Condorcet triples on matters of great
importance, namely on those with utility level approaching the supremum of utilities:

Proposition 2. Let E be a market economy E with no bounds on short sales. Then E has limited
arbitrage if and onlv if for some k =0, the rraders’ preferences have no Condorcet triples of size
larger than k'

A proof is in the appendix: it rclics on the fact that limited arbitrage is equivalent to
bounded gains from trade, Proposition 1.

Appendix

Definitions: A market economy £ is defined by its trading qpac;, and its traders E=
IX,0.€R" ,u.:X—R.i=1...H}, where X=R" or X=R"" when no short sales are
allowed. As already mcnliuned in Section 2, this paper focuses on economics where short
sales are allowed but the results are quite general; the reader is referred to Chichilmsky (1991,
1993b,c, 1994, 1995) for the study of economics with or without short sales. The traders’
prf*ff*rences u,: X— R are continuous, concave and incrcasing: r=y=ulx)=u(y) and
u(0)=0/’ Wllhoul short sales, the trading space X = R™"; in this case one requires that if an
indifterence surface of positive utility intersects the buundary of RY™ all indifferf_m,-., surfaces
of higher utility do too (Chichilnisky, 1991, 1995). When the trading space X' = R" whlch is
the case covered in this paper, preferences are smooth® (C7), Je, K =0:¥x ERY, |
e, and ||D u(x)| < K, and either the indifferences contain no half lines, or the dlrecli-:ms Uf
gradients of an indifference surface form a closed sct. This includes Cobb-Douglas, CES,
strictly concave and linear preferences, preferences which are partly linear, preferences with
indifferences which intersect the axis, and which contain hall-lines. As mentioned in Section 2,
the results in this paper are ordinal so that it suffices to normalize utilities so that sup,, | -z~

u,(x) = =. Global cones C, and market cones D were defined in Sectmn 2. The market cone
oD, of an economy E without short sales, i.e . with trading space R"™, is slightly different; as
defined in Chichilnisky (1991, 1994, 1995]* itis: al, =D NS(L) if S(E}C N, and aD, = D,
otherwise, where N = {v € R™ : 3i with (v, {2} =0}, and where S(E) is the set of supports to
individually rational allocations: S(E) = {v € R™" : 3(x, ... x,) € R"™"" with L(x, — £1) =

" Recall that without loss of gencrality we have assumed that for all §, Sup, oo i) ==

"The condition that preferences bc increasing can be removed at no cost, and replaced by a non-satiation
condition. The main results are preserved.

® Smoothness is unnceessary for the results; it is nsed to simplify notation.
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0, u,(x,) = u,(fl) for all i, and ¥z, € R™  uiz,y=u,(x,) = {v, z;, — x;) = 0}. The condition
of limited arbitrage is nevertheless always the same, whether X = R"" or X = R": it requires
the non-empty intersection of all the market cones, see Section 2. The wlity set is UE) =
U, ..., U, €R¥ :¥i=1...H, 3x ... x,with U, = u(x) = u,({2,) where Y - Q)
=(0}. The Pareto frontier P(E) = {V =V, ...V, €U(E): —~3IW, .. W, E U(E) with W, =
U¥j and for some i, W, = U, }. A competitive equilibrium is a price p* € R™ and an allocation
GF, xS EXT R, (F — ) = 0and Vi u(x}) = max(u,(x;)) over the set {x;: {p*, x; =
(1) = 0}. An allocation (x*, ..., x5 EX" isin the core if ¥, (x7 — &) = 0 and ~3NC {1,
o HYand e i Bien (i — 2) =0, Vi E N, u(y,) = ux7) and 3h € N s.t. u(y,) =

e, (x5, )-

Proposition 3. The global cones of the preference u, are open convex sets when the sets of
gradients of all indifference surfaces are closed.

Proof. By definition the global cone is 4, A sequencc (v"),_, ,  C A; = the complement of
A, dcfincs half-lines (I""),_, , . with sup . - (8,(x)) <<= ¥n. By the assumptions on u;,
VYndy €™ : {Duy), w) =0 if wE I'", Concavity of u; implies that ¥w € " (Du,(Ay), w) =
0WA = 1. Assume that on two half-lines I'* # I'™ the utility u, is cventually constant: Iy" € '
and y" €™ such that YA >1 (Du(Ay™),w) =0, YweET"; and {DuAy"). w) =0, VWE
1™ and u,(y") < u,(y™). Let {1 be a supporting hyperplane for the preferred set of u; at Ay™;
this detcrmines a halfspace A of R : Vg€ A, ulg)<u{Ary™); note that /I contains an
unbounded segment of '™, and A an unbounded segment of I'". Therefore VK >0, 3" er
and w* € I : ||z —w¥|| > K and VK, u,(z*) =u,(y") and u,(w") = uI(_}-":). Since by assump-
tion Je =0 : Vx, |Dufx)|| > €, YK the distance between z* and {w ER™ 1 u,(w) = u,(y")} is
bounded: 3T =>0: VK, ||z — w"|| < T a contradiction. The contradiction arises from assum-
ing that u; is eventually constant on I and I"™ with n #m; therefore 3n, : Vj=n, Jy e
I {DufAy), w) <0, ¥w € I'V and VA > 1. By concavity of u,, this implies that along the half
line 1" defined by v =lim"v”, u, is bounded, so that v € A]. Thus A} is closed and A, open.
Convexity is immediate. ]

When X =R” and gradient sets to indifference surfaces are closed.

Proposition 1 of Section 2. Let E be an economy without bounds on short sales, and normalize
utilities so that sup,,..c g, u;(x) =2, The Pareto frontier of the economy E is bounded if and
only if the economy satisfies limited arbitrage. In particular, the economy E has bounded gains
from trade, G(E) <=, if and only if it has limited arbitrage. When sup . cpw u,(x) <, then E
has limited arbitrage if and only if the Pareto frontier is bounded away from the vector
M = (sup cputdy(x), . . ., SUP,gpatiy(x)) € R", and thus G(E) <sup,cpv(LiL, u(x,) — u(62))-

Proof. By contradiction. It suffices to consider the utilities normalized to that sup, . vy, (X)
=, Assume E has limited arbitrage. If P(E) were not bounded there would exist a sequence

of net trades (z)...z%)._, ; such that Vi, L)zt =0 and lim_ (e, (2 + 2zl ))—x for
1 H/li=1, 2 iz | i i L
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some h. Tt suffices to consider the case where lim___.(u, (€2, + z},))— = for all ».” Consider two
exhaustive and exclusive cases: Case 1 and Case 2.

Case 1. For infinitely many j's, z), € A, for all h.

Limited arbitrage requires that there exists a hyperplane that leaves all the cones A, on one
side for all &, and this contradicts the fact that z, € A, for all # and ¥,’_, z}, = 0. Since the
contradiction arises from the assumption that P(E) is unbounded, P(E) must be bounded in
this case. _

Case 2. From some | onwards, z, & A, for some h. . .
Consider the sequence {z}/|z}|[},2,, C€S™ ', the N—1 sphere in R". Since §"7' is
compact, it follows that there exists a sub-sequence, also denoted {z},/|z}[|} =, ,  such that
lim,_, 2! /||z})| = &, €S8" " forall A=1... H. Assume first that @, & A,. Note that it suffices
to consider utilitics with indifference surfaces not bounded below, since when they are
bounded below, P(E) is always a bounded set. By assumption, the directions of gradients of
cach indifference surface define a closed set. Since we assumed that o, & A,, it follows that
SUp, -z + (1, ({2, + Ay, )) < =. This, together with the assumption on the utilities, ||Du(x)|| > €
Vx implies that if I is the half-line defined by the vector a, either 3w € I" where the gradient
Du,(z) is orthogonal to I', or clse the utility u, achieves a maximum at y € I, and is a constant
beyond y. These two alternatives are exhaustive and I will show that in both it is impossible
that a, = lim, z},/||z4, || with lim__,_(1,(£2, + z})) = . If the gradient Du,(w) is orthogonal to I
at some point w, and for A =1 Du,(Aw) projected on I is negative, then it is also negative in
a neighborhood. Therefore for dircctions B sufficiently close to a,, 3K >0 such that
Sup, o1, (x)) < K: a contradiction. The second alternative is that u, utility achieves a
maximum at w and remains constant thereafter on I'. Similar reasoning, using convexity,
shows that lim,_, (i, ({2, + z}))== cannot hold either. Since these two alternatives arc
exhaustive, a, & A, is impossible, so that a, € A, for all h where z, € A, from some |
onwards. Therefore. in Case 2, YA =1... H the vectors a, € A, the closure of A, and, for
some h, o, € A,. Since the cones A, are open by Proposition 3 in the appendix, there exist
nearby vectors B8, ... By s.t. £, 8, =0 and B, € A, for all h, contradicting limited arbitrage.
Limited arbitrage thus implies that P(E) is bounded. The reciprocal is immediate. O

Proposition 4. Let E be an economy without bounds on short sales and H =3 traders as in
Proposition 1 of Section 2. F has Condorcet triple of all sizes if and only if it does not satisfy
limited arbitrage. When sup,,_ o .», (1t,(x)) <=, the condition is instead that E has Condorcet
triples of all sizes up to sup,,. -z~ (X))

Proof. Let E have limited arbitrage. Without loss of generality assume that Vi, f2, =0, and
choose a utility representation s.t. Vi, sup..pw(#(x))==. For cach k>0, let
(e, 85, yHYER™ " and u*, uf, ul C{u, .. u,} be a Condorcet triple of size k. For each &
the three allocations are feasible Vk, e.g. a* =(af, ..., a%)eR", T (a})=0, and
iimk_,a{minr._l_zlﬁ(ui(a‘f], u(B5), u,(yr)) == There exist therefore three traders called 1, 2,

* By the assumptions on preferences if 3(w’ ... w4), . 2 ¥, i1, wl =0 and him,__, (4, (82, +u;))—= for
some A, i, (3, + wl) = u, (£,) Wh, then 3(z5 . .. 2%)-, Vi By, 24 =0 und lim, _(u,(82, + 24))—= for all h.
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and 3 and a corresponding sequence of allocations (0°),_,. =(@.05.0%),_, . ¥k T, o=

0 and Wi=1,2,3, sup,_,. u.f.(ﬁf'] ==, This implies that £ has unbounded gains from trade,

which contradicts Proposition 1. Therefore E cannot have Condorcet triples of every size.
Conversely, if £ has no limited arbitrage, for any three traders, called 1,2,3, with

preferences u,, u., u, there exist three vectors in RY.a, €A, a,EA,, a,E A,, which are

part of a feasible allocation (a, ... a,)ER"". £l 4 —I[] Fnr any integer k >0, and small
€ > () consider the vector A= (e, .. E)ER Y and th;, following three allocations: a' =

(ka,, ka, — 24, ka,+24, ka,,... ,Ra,f)._ B'=(ka, — 4, ka,,ka,+ A, ka,,... ka,) and

‘= (ka, —2A.ka,— A, ka, +3A, ka,. ..., kay); each allocation is feasible, c.g. ka, + ka,
—2A+ ka,+2A+ka, +---+ka,, =k(La)=0. For cach k=0 the three allocations
a*. B* " and the three utilities u,, u,,u, define a Condorcet triple of size m(k), with
lim, . mk)==, B

Proof of Theorem 1. Sufﬁciency is in Chichilnisky (1991, 1994, 1995)."" For necessity let
X=R" and (2, =0V¥i. If p* is an equilibrivm price, then ¥i il x, €A, (p*. x;) =0,
Furthermore, when indifferences contain no half lines. ¥i if x, CA Lp* x) }ﬂ otherwise, if
i, x; €04, s.t. {p*,x,) =0, then at p* i'th demand is not well defined and p" cannot be an
ethbnum because u, {v) =sup, .. u,(Ax,}=> y €A,. A similar proof holds for X=R"". [

Proof of Theorem 2. Let X = RY. Since a competitive equilibrium is in the core sufficiency
is immediate from Theorem 1. Reciprocally: a core allocation is Parcto cfficient, and is
therefore a competitive equilibrium for some initial endowments. Since limited arbitrage is
satisfied simultaneously at all initial endowments when X =R", Theorem 1 cstablishes
necessity. Il
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