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Summary. This note links two conditions which have generated some interest in
the literature and have an important role in proving the existence of an equilibrium,
the second wellare theorem and the core equivalence theorem in infinite dimensional
commodity spaces: These are the cone condirion introduced in Chichilnisky and
Kalman (1980}, and the properness condition in Mas-Colell (1986a), which were
studied also in Yannelis and Zame (1986), Aliprantis et al. (1987a, b} and (1989),
Aliprantis and Burkinshaw (1988), Mas-Colell (1986b), Chichilnisky and Heal
{1984, 1992), and Rustichini and Yannelis (1991} among others. I establish that
these two conditions are the same. Indeed. the cone condition coincides also with
the assumption of an extremely desirable commodity used in Yannelis and Zame
(1986) and Rustichini and Yannelis (1991). The motivation for studving these
conditions comes from the same economic application, showing the need to bring
within the scope of equilibrium theory commodity spaces whose positive orthants
have empty interior, a tyvpical situation in infinite dimensional linear spaces.

1 Introduction

Crucial properties of markets, such as the existence of a competitive equilibrium,
the second welfare theorem and the core equivalence theorem, all depend on being
able to support convex sets with non-zero prices.! Prices are continuous linear
functions defined on the commodity space, and the existence of such supports is
proved using the Hahn-Banach theorem. When the commodity space is infinite
dimensional, a problem emerges: typical infinite dimensional spaces (L,. p < o)

* | thank the participants of several seminars and workshops, two anonymous referess, C.1. Aliprantis,
D. Brown, Db, Cass, D. Foley, G. Heal, H-M. Wu, A Khan, R Radner. A. Rustichini and K. Yannelis,
for their comments and swggestions. Hospitality and financial support [rom the Stanford Tnstitute for
Theoretical Economics during the summer of 1991 is gratefully acknowledged.

! The cone condition is shown to be necessary for the core eguivalence theorem in Rustichini and
Yannelis { 1986)



178 G. Chichilnisky

have positive orthants with empty interiors,” so that the Hahn-Banach theorem,
which requires interiors of the convex sets, cannot be applied. This biased the
literature against using these highly desirable spaces as commodity spaces lor many
years; they were first used in the economics literature in 1977.% The alternative is
L. or C* spaces, which have positive orthants with non empty interiors. However,
a well known problem is that their price space include “purely finitely additive
measures” which cannot be represented by sequences or by functions, and lead to
serious problems of economic interpretation.

A solution for this problem was found in Chichilnisky (1977) and Chichilnisky
and Kalman (1980). These papers established the first necessary and sufficient
conditions for the existence of supporting prices for efficient paths in optimal
growth models in L, {1 < p < oc} spaces, including Hilbert spaces. Chichilnisky’s
{1977) condition is the existence of L, continuous utilities being maximized at the
point to be supported, and the paper characterizes such functions.* Chichilnisky
and Kalman (1980) introduced an equivalent condition, denoted the cone condition
hereafter, which depends on the existence of a vector at a positive distance from
the cone defined by the convex set and the point to be supported. The core condition
has a simple interpretation. It bounds marginal rates of substitution, defining a
bundle of commodities which can only be substituted by substantial amounts of
other commodities. Chichilnisky and Kalman (1980, Theorem 2.1) proved that the
cone condition is necessary and sufficient for the existence of a non-zero price
supporting an allocation in a convex feasible set of any Banach space, whether
the convex set has an interior or not.

Subsequently, Mas-Colell’s (1986, Sect. 7) used what he called “properness” to
prove the existence of a competitive equilibrium in Banach lattices®; he used this
condition to prove the existence of supporting prices for points in convex preferred
sets which may have no interior. This is the same use that the cone condition was
given originally (Chichilnisky and Kalman 1980, Theorem 2.1).

The purpose of this note is to study the connection between these two conditions,
and to establish that the two are one and the same.®

* Ingevior refers to interior in the topology of the norm. Only [, and C*(X) spaces of functions (k= 0)
and their subspaces have positive cones with nonempty interiors. Every other Banach space has a cone
with empty interior.

} Hilbert spaces were first introduced in the economic literature to study optimal growth models and
dynamic moldes of resource allocation with infinite dimensional commadity gpaces in Chichilnisky
(1977, Chichilnisky and Kalman (1980), Chichilnisky (1981} and Chichilnisky (1981b).

* A complete characterization of L, continuous additive [unciionals defined on a neighborhood of the
positive cone was provided in Chichilnisky (1377}

* Which are also Banach spaces.

& Mas-Colell (1986, p. 1044) refers to the connection between the two conditions stating: “Chichilnisky-
Kalman {1980} imposed a condition analogous to properness at a point™; no further details are provided.
Chichilnisky and Heal (1984, 1992) explain the connection between the two conditions. Yannelis and
Zame (1986, p. %6) and Rustichini and Yannelis (1921 footnote 2, p. 310) also point out the precedence
al the cone condition over properness.
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As a by-product we also establish that the cone condition is the same as the
assumption of exiremely desirable commodities for complete transitive preferences
used in Yannelis and Zame (1986), and Rustichini and Yannelis (1991},
Being identical, all three conditions have therefore the same economic inter-

pretation,

2 Definitions

Let H be an ordered Banach space, called the commeodity space. Let H™ be the
closure of its positive orthant and let H* be its dual, the space of all continuous
real valued linear functions on H, called also the price space. Let ¥ be a non-empty,
closed and convex set in H possibly with an empty interior, and xeY. A positive
continuous linear function p is & supporting price for xe Y if WYye ¥, p(¥) 2 pix].
Following Chichilnisky and Kalman (1980) define the smallest cone with vertex x
containing the set Y, ie. C(Y,x)={zz=aly—x)+x, ye¥, az0}. The cone
condition is satisfied at x and Y if
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(C) There exists a vector w which is at a positive distance from the set C(Y, x)
{Chichilnisky and Kalman 1980, p. 25, Theorem 2.1, part a). Figure 1 illustrates.

Chichilnisky and Kalman (1980, Theorem 2.1, p. 25, part (a}) prove that (C) is
necessary and sufficient for the existence of a non-zero supporting price for the
convex set ¥ at x. Consider now a preference’ relation > defined on HY;
Mas-Colell (1986, definition, p. 1043) calls the preference = proper at xeH™ if
there exists some vector ¢ > 0 and an open neighborhood of the origin V with the
property that for any zeH " satisfying x —ar + 2 > x, with x> 0, implies zg¢a V.°
Equivalently, he states: “Geometrically, properness at x means that:

(P) There is an open cone I < L containing a positive vector (hence [ is not empty)
such that “(— Ijniz—xeH z=x} =@

In the following we shall use (P) as the definition of properness, for which Mas-Colell
(1286, p. 1043} offers the illustration in Figure 2.

Condition (P) is used by to prove the existence of a continuous positive functional
p such that p.z = p.x whenever z = x (Mas-Colell 1986, p. 1043, lines 20-21), namely
a supporting price. Figures 1 and 2 supgest that the conditions (C) and (P) may
be the same: this intuition is formalized in what [ollows. Proposition 1 shows that
the cone condition is identical to properness; Proposition 2 shows that 1t 1s alse
identical to the notion of an extremely desirable commodity.

3 Properness and the cone condition are the same

Consider the convex monotone preference = on H ™ defined in Sect. 2. Define the
convex set Y= {zeH :z>x}; Y has an empty interior if H* does. Let xe¥.
Chichilnisky and Kalman proved that condition (C) at x ¥ is necessary and sufficient
for the existence of a posilive supporting price for ¥ at x. Mass-Colell states that
iP) is necessary and sufficient to prove the same result (Mas-Colell 1986, p. 1043,
par. 6). Since both conditions are necessary and sufficient for the existence of
supporting prices, they must be equivalent. One can see this directly by showing
that the two defimtions are the same. In the following we prove that redefining
the terms properly, for xeY, the two conditions are 1dentical. Let xe Y

" A complcte, monatone transitive relation > defined on H . Note that since = s defined on A7,
the prefereed set P, = {zeH:z »=x} = H™ will have an empty interior when 5™ has an empty interior.
Thus the Hahn Banach's theorem cannot be invoked to prove the existence of a supporting price [or
the set P,

¥ There appears (o be a misprint in Mas-Colell's definition: 25 should read z¢eV instead,
Furthermore, it should be pointed out that ¢ depends on 2, and F oo <. Otherwise, the statement that
for zeL, z¢cV for zec¥) is trivial. as it is always satisfied for some V and &

# Tt is immediate te see that the first definition of properness 1s the same as (Pr Let « be & typical point
in the open cone — I+ x. generated by the set ((x —aw) = F) and with vertex x, see Fig. 2. Thus
u=p(x—zv+z)~ (| = pix, for 20 and for 1z] < ey, where 7 is the norm of the open set V. y =sup
=0yl 24 %peV] It is immediate that wg¢{zeH ™2 > x}. This is because if u=pix —av—z)+
[1 — p)x = x then the first defAnition of properness wordd imply that ||uz | = &py,of ||z = &, contradicting
the defimition of u. Therefore the Girst definition of properness implies the existence of an open cone
— [ such that — I~ {z — xeH 0= x| = ¢. The converse is also immediate.
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Proposition 1. Properness (P) and the cone condition (C) are the same.

Proaf. First we show when (P) is satisfied so is (C). Let x and Y satisly (P); then
by definition there exists an open cone [ containing a positive vector v such that
(—yn{z—xeH":z>x} = ¢. Thecone C(Y,x) = {i{z — x) + x, 2> x, A = 0} can-
not intersect the openset(— I+ x)={zeH:z=u+ x,ue — I },forif ge(— I"+x)n
C{ ¥, x), then g = A(z — x) + x, so that i{z — x)e — J” and since — I is a cone, this
implies (z — x)e — I, contradicting (P). Therefore C(¥,x)n{— I +x)=¢. Since
{—u+x)e(— T +x),(—rv+x)is al a positive distance from C(¥, x), and the cone
condition (C) is satisfied!®.

Conversely, assume (C). Then, by definition, there exists a vector w which can
be taken to be negative when x = 0 at a positive distance from C(¥, x). Therefore
there exists § =0, st Vy={zeH: |z —w| <8}, does not intersect C(¥,x). In
particular, the open cone with vertex x generated by V;, (=T + x)={ueHu=
{4z + x), zeVy, 4 = 0}, does not mtersect C(Y, x) because C(¥.x) is also a cone.
Therefore, — I" does not intersect the set {z — xeH *:2 3= x}, which is contained
in (C(Y,x)—x). Since — I” contains we¥; and (- Ir{z—xeH iz =x} = ¢,
condition (P) is satisfied for xe¥.

We now turn to the definition of an extremely desirable commodity for the convex
preference > on H'. Yannelis and Zame (1986) call ¢ an extremely desirable
commodity at x if (— C)m {y— xeH ™1y = x| = ¢, where C = {av — z:zeall}, U an
open neighborhood in H, Rustichini and Yannelis (1991, p. 319). This implies that
an agent would prefer to trade any commadity z for an additional increment of
the bundle v, provided that the size of z is sufficiently small compared with the
increment of ¢. Then:

Proposition 2. The cone condition is the same as the assumption of an extremely
desirable commodity for =.

Proof. The definition of an extremely desirable commodity v at x is identical to
condition {P) above for I'= C, which we showed in Proposition I to be identical
1o the cone condition of Chichilnisky and Kalman {1980). C
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